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The purpose of the presentation

The aim of the study was to evaluate the properties of
complex estimators of population parameters that are

functions of population mean values under the Pathak
sampling scheme.

Complex estimators:

= product mean estimator

» ratio mean estimator

= regression mean estimator
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Notation

= Finite population:

U=1{1,.., N}
= Study variables:

X = (xl, ...,xN)
Yy =1 Yn)
= Population means:

N
1
X =N2xi
i=1
N
1
y = Nzyi
i=1 4
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Pathak scheme

= (Cost vector:

C = [Cl, ey CN]

= Research budget B:

B > ir%ae)f]{ci + ¢}

Sampling until the sum of costs for the selected elements
exceeds or reaches the research budget. The element for which
this occurs is not included in the sample.

[Pathak, 1976]

5

@ @ @ Uniwersytet Ekonomiczny w Katowicach



Pathak scheme

= A sample selected using the Pathak sampling scheme

s = (81,59, ....,Sy), S; €EU

= For notational convenience, we denote:

X)) = Xs;
Vi) = Ys;
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Pathak theorem

The unbiased estimators of means based on a sample selected
using the Pathak sampling scheme:

[Pathak, 1976]
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Covariance theorem

a)

N
1
2N(N—1) z (x; = xx) (Vi — Vi) (E (M

Jj,k=1,j*k

COU()? M) :)_]M)

s = k)~
S1.= 1,82 = N
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Covariance theorem

b)

An unbiased estimator of Cov(xy, yy,) is given by the formula:

M
éxy =A- Z(x(i) - fM)(y(i) — Ym)>
=1

where

M N|M-1

[1 1 1

Proof: [Szymoniak-Ksigzek & Gamrot, 2025]
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Comparison with Pathak’s results

N
1
VarGu) = =T z (xj—xk)2<E(%

1
(% —x)Vj — Yie) (E (% S1=j,8; = k) _N>

N
1

Cov(X p, Vy) = z

=1’]
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Comparison with Pathak’s results

M
~ — \2
V=4 E(xa) — %)
i=1

M
ny =A- Z(x(i) - fM)(Y(i) - 3_’M)
i=1
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Taylor linearization — assumptions

Llet T=(T,T, .., T;,) be a vector of parameters in U, and let
t = (ty,ty,..,ty) be an unbiased estimator for T. Assume that the
function f:R* - R satisfies the following conditions:

= f(M =Yy

= f is bounded in some neighborhood of the point T and has
continuous and bounded partial derivatives up to at least the third
order in this neighborhood

Additionally, assume that P (@ < 1) =1, for each i.

i

[Bracha, 1996]
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Then

—T)@ —T) 57—

Taylor linearization

k
0
F(®) = F(T) + Z(ti 1ok

i

+
t=T

k 63f

2 k
7 Z(tl TG ~ T =T 55057
0t

Oat

t=T

[Bracha, 1996],
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Product mean estimator

The statistic

is called the product estimator of the mean y.
(Murthy, 1964)

Approximate bias:

AB (}_/p) _ CO‘U()EE\,I,)_/M)

X

Estimator:
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Product mean estimator

Approximate MSE:

52

_ _ y _ y _
AMSE()’p) =D*(yy) + ZECOV(YM:xM) + EDZ(XM)
Estimator:
Ym A~ | Tio
AMSE(3,) =V, + 2=—Cyy + 5V
XM XM

15

@ @ @ Uniwersytet Ekonomiczny w Katowicach



Ratio mean estimator
The statistic

is called the ratio estimator of the mean jy.
(Hansen et al., 1953)

Approximate bias:

1 /v
AB(yq) — % (%DZ(XM) — COVO_’MJ?M))

Estimator:

() = o (2% -
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Ratio mean estimator

Approximate MSE:

)—]2

_ _ y _ _
AMSE()’q) =D*(Yy) — ZECOU(yM:xM) + EDZ(XM)

Estimator:

=N
N

AMSE(y,) =V, — Z}Z—MCA'xy +=
XM

<N
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Regression mean estimator

The statistic

~

;vr=yM+%(f—fM)
X

is called the regression estimator of the mean .

(Neyman, 1934)
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Regression mean estimator

Approximate bias:

Estimator:

19

@ @ @ Uniwersytet Ekonomiczny w Katowicach



Regression mean estimator

Approximate MSE:

Cov(x,y) [ Cov(x,y)D?(Xy) o _
V..) = —2C ) + D2
AMSE (3,) Var () ( Varco) ov(Xp, Yu) Ym)
Estimator:

Cop (Cole .\ . € € . _ (3%
ATSE ) = fy< b zcxy> ip =l by g g ol

Ve \ Vi Ve Ve Vily

=0 1—% =1,(1—- 52
y 7.7, y
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Numerical study

Consider a population U of size N = 10000 such that the vector of study
variables is a realization from a bivariate normal distribution:

Vi, x)~N; ([5'5]’ [0%5 OiSD '

Furthermore, assume that the cost vector is a realization from a uniform
distribution: ¢;~U(0,10).

The subsequent analysis will be conducted separately for the three
complex estimators of population mean: the product estimator, the ratio
estimator, and the regression estimator.
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Numerical study

A sample is drawn K times using the Pathak sampling scheme under a
budget constraint, and a complex estimator of the population mean y is
computed.

The first figure presents a comparison between the average (over
K =1,2,..,1000 ) bias of the complex estimator (black line) and the
average estimator of its approximate bias (red line).

The second figure shows an analogous comparison between the
simulation mean squared error of the complex estimator of the mean
(black line) and the average estimator of its approximate MSE (red line).
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Product mean estimator — bias

0.25 product, B=500
B AB
m B
0.20
0.15
m
<
(2
>
m
0.10
0.05
0.00
| | | | | |
0 200 400 600 800 1000

®@
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Product mean estimator — MSE

product, B=500
B AMSE
B VSE
0.040 -
0.035
w
D)
2
»0.030 b
>
w
D)
=
0.025
0.020 -
0.015
| | | | | |
0 200 400 600 800 1000
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®@

Ratio mean estimator — bias

ratio, B=500
H AB
H B
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m
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Ratio mean estimator — MSE

0.015 ratio, B=500
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Regression mean estimator — bias

0.10 regression, B=500
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Regression mean estimator - MSE

regression, B=500
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Summary

For all considered complex estimators of the mean, even with
a small number of repeated samples drawn from the
population U, both the average sample biases and the sample
mean squared errors of the complex estimators are very close
to the values of the corresponding averaged approximate
estimators of bias and mean squared error for the complex

estimators of the population mean.
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