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The purpose of the presentation

The aim of the study was to evaluate the properties of
complex estimators of population parameters that are
functions of population mean values under the Pathak
sampling scheme.

Complex estimators:

▪ product mean estimator

▪ ratio mean estimator

▪ regression mean estimator
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Notation

▪ Finite population:

𝑈 = 1, … , 𝑁

▪ Study variables: 

 
𝒙 = (𝑥1, … , 𝑥𝑁)
𝒚 = (𝑦1, … , 𝑦𝑁)

▪ Population means: 

ҧ𝑥 =
1

𝑁


𝑖=1

𝑁

𝑥𝑖

ത𝑦 =
1

𝑁


𝑖=1

𝑁

𝑦𝑖
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Pathak scheme

▪ Cost vector:

 𝒄 = ሾ𝑐1, … , 𝑐𝑁] 

▪ Research budget 𝐵:
𝐵 > max

𝑖≠𝑗∈𝑈
{𝑐𝑖 + 𝑐𝑗}

Sampling until the sum of costs for the selected elements
exceeds or reaches the research budget. The element for which
this occurs is not included in the sample. 

[Pathak, 1976]  
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Pathak scheme
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▪ A sample selected using the Pathak sampling scheme

𝑠 = (𝑠1, 𝑠2, … . , 𝑠𝑀), 𝑠𝑖 ∈ 𝑈

▪ For notational convenience, we denote:

𝑥(𝑖) = 𝑥𝑠𝑖

 𝑦(𝑖) = 𝑦𝑠𝑖



Pathak theorem

The unbiased estimators of means based on a sample selected
using the Pathak sampling scheme:

ҧ𝑥𝑀 =
1

𝑀


𝑖=1

𝑀

𝑥 𝑖

ത𝑦𝑀 =
1

𝑀


𝑖=1

𝑀

𝑦(𝑖)

[Pathak, 1976]  
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Covariance theorem

a)

𝐶𝑜𝑣 ҧ𝑥 𝑀, ത𝑦𝑀 =
1

2𝑁(𝑁 − 1)


𝑗,𝑘=1,𝑗≠𝑘

𝑁

(𝑥𝑗 − 𝑥𝑘)(𝑦𝑗 − 𝑦𝑘) 𝐸
1
𝑀 𝑠1 = 𝑗, 𝑠2 = 𝑘 −

1

𝑁
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Covariance theorem

b) 

 An unbiased estimator of 𝐶𝑜𝑣 ҧ𝑥𝑀, ത𝑦𝑀  is given by the formula:

መ𝐶𝑥𝑦 = Δ ⋅  

𝑖=1

𝑀

𝑥 𝑖 − ҧ𝑥𝑀 (𝑦(𝑖) − ത𝑦𝑀),

where

Δ =
1

𝑀
−

1

𝑁

1

𝑀 − 1
.

Proof: [Szymoniak-Książek & Gamrot, 2025]
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Comparison with Pathak’s results

𝑉𝑎𝑟 ҧ𝑥 𝑀 =
1

2𝑁(𝑁 − 1)


𝑗,𝑘=1,𝑗≠𝑘

𝑁

𝑥𝑗 − 𝑥𝑘
2

𝐸
1
𝑀

𝑠1 = 𝑗, 𝑠2 = 𝑘 −
1

𝑁

𝐶𝑜𝑣 ҧ𝑥 𝑀, ത𝑦𝑀 =
1

2𝑁(𝑁 − 1)


𝑗,𝑘=1,𝑗≠𝑘

𝑁

(𝑥𝑗 − 𝑥𝑘)(𝑦𝑗 − 𝑦𝑘) 𝐸
1
𝑀

𝑠1 = 𝑗, 𝑠2 = 𝑘 −
1

𝑁
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Comparison with Pathak’s results

𝑉𝑥 = Δ ⋅  

𝑖=1

𝑀

𝑥 𝑖 − ҧ𝑥𝑀
2

መ𝐶𝑥𝑦 = Δ ⋅  

𝑖=1

𝑀

𝑥 𝑖 − ҧ𝑥𝑀 (𝑦(𝑖) − ത𝑦𝑀)
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Taylor linearization – assumptions

Let 𝑻 = 𝑇1, 𝑇2, … , 𝑇𝑘  be a vector of parameters in 𝑈, and let 
𝒕 = (𝑡1, 𝑡2, … , 𝑡𝑘)  be an unbiased estimator for 𝑻.  Assume that the 

function 𝑓: 𝑅𝑘 ՜ 𝑅 satisfies the following conditions:

▪ 𝑓 𝑻 = ത𝑦

▪ 𝑓  is bounded in some neighborhood of the point 𝑻  and has
continuous and bounded partial derivatives up to at least the third
order in this neighborhood

Additionally, assume that 𝑃
𝑡𝑖−𝑇𝑖

𝑇𝑖
< 1 = 1, for each 𝑖.

[Bracha, 1996]
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Taylor linearization

Then

𝑓 𝒕 = 𝑓 𝑻 + 

𝑖=1

𝑘

(𝑡𝑖 − 𝑇𝑖) ቤ
𝜕𝑓

𝜕𝑡𝑖 𝒕=𝑻

+

1

2


𝑖=1

𝑘



𝑗=1

𝑘

(𝑡𝑖 − 𝑇𝑖)(𝑡𝑗 − 𝑇𝑗) อ
𝜕2𝑓

𝜕𝑡𝑖𝜕𝑡𝑗
𝒕=𝑻

+
1

6


𝑖=1

𝑘



𝑗=1

𝑘



𝑙=1

𝑘

(𝑡𝑖 − 𝑇𝑖)(𝑡𝑗 − 𝑇𝑗)(𝑡𝑙 − 𝑇𝑙) อ
𝜕3𝑓

𝜕𝑡𝑖𝜕𝑡𝑗𝜕𝑡𝑙
𝒕=෩𝑻 

,

where 𝑻 ≤ ෩𝑻 ≤ 𝐭.

𝐴𝐵(𝑓 𝒕 ) =
1

2


𝑖=1

𝑘



𝑗=1

𝑘

𝐸 𝑡𝑖 − 𝑇𝑖 𝑡𝑗 − 𝑇𝑗 อ
𝜕2𝑓

𝜕𝑡𝑖𝜕𝑡𝑗
𝒕=𝑻

𝐴𝑀𝑆𝐸 𝑓 𝒕 = 

𝑖=1

𝑘



𝑗=1

𝑘

𝐸 𝑡𝑖 − 𝑇𝑖 𝑡𝑗 − 𝑇𝑗

𝜕𝑓

𝜕𝑡𝑖
 อ

𝜕𝑓

𝜕𝑡𝑗
𝒕=𝑻

[Bracha, 1996]13



Product mean estimator

The statistic

ത𝑦𝑝 =
ҧ𝑥𝑀 ത𝑦𝑀

ҧ𝑥
 , ҧ𝑥 > 0

is called the product estimator of the mean ത𝑦.

(Murthy, 1964)

Approximate bias:

 𝐴𝐵( ത𝑦𝑝) =
𝐶𝑜𝑣 ҧ𝑥 𝑀, ത𝑦𝑀

ҧ𝑥

Estimator:

𝐴𝐵 ത𝑦𝑝 =
መ𝐶𝑥𝑦

ҧ𝑥𝑀
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Product mean estimator

Approximate MSE:

𝐴𝑀𝑆𝐸 ത𝑦𝑝 = 𝐷2 ത𝑦𝑀 + 2
ത𝑦

ҧ𝑥
𝐶𝑜𝑣 ത𝑦𝑀, ҧ𝑥𝑀 +

ത𝑦2

ҧ𝑥2 𝐷2 ҧ𝑥𝑀

Estimator:

𝐴𝑀𝑆𝐸 ത𝑦𝑝 = 𝑉𝑦 + 2
ത𝑦𝑀

ҧ𝑥𝑀

መ𝐶𝑥𝑦 +
ത𝑦𝑀

2

ҧ𝑥𝑀
2

𝑉𝑥
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Ratio mean estimator

The statistic 

ത𝑦𝑞 =
ത𝑦𝑀

ҧ𝑥𝑀
ҧ𝑥

is called the ratio estimator of the mean ത𝑦.

(Hansen et al., 1953)

 

Approximate bias:

𝐴𝐵 ത𝑦𝑞 =
1

ҧ𝑥

ത𝑦

ҧ𝑥
𝐷2( ҧ𝑥𝑀) − 𝐶𝑜𝑣 ത𝑦𝑀, ҧ𝑥𝑀

Estimator:

𝐴𝐵 ത𝑦𝑞 =
1

ҧ𝑥𝑀

ത𝑦𝑀

ҧ𝑥𝑀

𝑉𝑥 − መ𝐶𝑥𝑦
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Ratio mean estimator

Approximate MSE:

𝐴𝑀𝑆𝐸 ത𝑦𝑞 = 𝐷2 ത𝑦𝑀 − 2
ത𝑦

ҧ𝑥
𝐶𝑜𝑣 ത𝑦𝑀, ҧ𝑥𝑀 +

ത𝑦2

ҧ𝑥2
𝐷2 ҧ𝑥𝑀

Estimator:

𝐴𝑀𝑆𝐸 ത𝑦𝑞 = 𝑉𝑦 − 2
ത𝑦𝑀

ҧ𝑥𝑀

መ𝐶𝑥𝑦 +
ത𝑦𝑀

2

ҧ𝑥𝑀
2

𝑉𝑥
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Regression mean estimator

The statistic 

ത𝑦𝑟 = ത𝑦𝑀 +
መ𝐶𝑥𝑦

𝑉𝑥

ҧ𝑥 − ҧ𝑥𝑀

is called the regression estimator of the mean ത𝑦.

(Neyman, 1934)
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Regression mean estimator

Approximate bias:

… 

Estimator:

𝐴𝐵 ത𝑦𝑟 =
𝑁 − 𝑀

𝑀𝑁

ҧ𝑥 መ𝐶𝑥𝑦 −
1
2 ത𝑦 𝑉𝑥 

𝑉𝑥
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Regression mean estimator

Approximate MSE:

𝐴𝑀𝑆𝐸 ത𝑦𝑟 =
𝐶𝑜𝑣(𝒙, 𝒚)

𝑉𝑎𝑟(𝒙)

𝐶𝑜𝑣(𝒙, 𝒚)𝐷2 ҧ𝑥𝑀

𝑉𝑎𝑟(𝒙)
− 2𝐶𝑜𝑣 ҧ𝑥𝑀, ത𝑦𝑀 + 𝐷2 ത𝑦𝑀

Estimator:

𝐴𝑀𝑆𝐸 ത𝑦𝑟 =
መ𝐶𝑥𝑦

𝑉𝑥

መ𝐶𝑥𝑦
𝑉𝑥

𝑉𝑥

− 2 መ𝐶𝑥𝑦 + 𝑉𝑦 =
መ𝐶𝑥𝑦

2

𝑉𝑥

− 2
መ𝐶𝑥𝑦

2

𝑉𝑥

+ 𝑉𝑦 = 𝑉𝑦 −
መ𝐶𝑥𝑦

2 𝑉𝑦

𝑉𝑥
𝑉𝑦

= 𝑉𝑦 1 −
መ𝐶𝑥𝑦

2

𝑉𝑥
𝑉𝑦

= 𝑉𝑦 1 − ො𝜌2
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Numerical study

Consider a population 𝑈 of size 𝑁 = 10000 such that the vector of study
variables is a realization from a bivariate normal distribution:

𝑦𝑖 , 𝑥𝑖 ~𝑁2 ሾ5,5],
1 0,5

0,5 1
. 

Furthermore, assume that the cost vector is a realization from a uniform 
distribution: 𝑐𝑖~𝑈 0,10 . 

The subsequent analysis will be conducted separately for the three
complex estimators of population mean: the product estimator, the ratio
estimator, and the regression estimator.
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Numerical study

A sample is drawn 𝐾 times using the Pathak sampling scheme under a
budget constraint, and a complex estimator of the population mean ത𝑦 is
computed.

The first figure presents a comparison between the average (over
𝐾 = 1,2, … , 1000 ) bias of the complex estimator (black line) and the
average estimator of its approximate bias (red line).

The second figure shows an analogous comparison between the
simulation mean squared error of the complex estimator of the mean
(black line) and the average estimator of its approximate MSE (red line).
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Product mean estimator – bias
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Product mean estimator – MSE
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Ratio mean estimator – bias
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Ratio mean estimator – MSE
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Regression mean estimator – bias
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Regression mean estimator – MSE

28

0 200 400 600 800 1000

0.000

0.005

0.010

0.015

K

M
S

E
 v

s
 A

M
S

E

regression, B=500

AMSE

MSE



Summary

For all considered complex estimators of the mean, even with

a small number of repeated samples drawn from the

population 𝑈, both the average sample biases and the sample

mean squared errors of the complex estimators are very close

to the values of the corresponding averaged approximate

estimators of bias and mean squared error for the complex

estimators of the population mean.
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