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Formulation of the problem
This problem was considered e.g. in [1], [2], [7]-[9], [12]-[14].




Model-design approach based on distribution mixture

Notation

U= U;...UUpU...U Uy - population as domains sum;

dk = [Yk, Xk, Zks| - k-th observation of variable under study,
auxiliary variable vector: Xy = [Xk 1...Xk m], vector identifying
domains: zx, = [z 1...Z H] is zero vector except one element
equal to 1; when k € Up, 2, = zE(Z);

k=1,..N, h=1,.., H<N,1<m<N,

Let distribution of [YxXx]| be mixture of continuous densities:

H

h (h))

f(Yk: Xk) = Z F(Vi Xk|Zis = ZS(*))Ph, pn = P(Zx. =z,
1




Model-design approach based on distribution mixture

Notation

H

F(Vi: Xk 0) = > Prfa(Vi, Xk, 0n), k€ U
h=1

where: 0 = [91 0/79/./] and 6, = [Hh,1--~9h,a] :
The marginal distribution of Xy:

H

9(Xk, Ox) = /f}’mxk,@)d}’k = PnGh(Xk, 0xp), keU
h=1

where:
9n(Xk, Ox,n) = [ fn(Y, Xk, On) Ak,
Ox = [9)(71 "-GX,H], Ox = {9X7 P}-



Model-design approach based on distribution mixture

Sampling design

@ A sample s of size n < N is selected from population U
according to a sampling design: P(s) > 0,s € S,
Y scs P(s) = 1 where S is sampling space;

@ Inclusion probabilities of the sampling design:
Tk = X (skesses) P(S), k=1,...N.

@ s = U — s be the complement of sin U;

@ s= Uﬁ:1 Sk, Where sp C Uy, np is the size of sy,
n=S1 . nyissizeofs,1 < ny < Np, h=1,..H.




Model-design approach based on distribution mixture

Estimated parameters

The main aim is to estimate:
@ up= E(Yk|Zks = zf(Z)) - domain mean for k € U,,
@ py, h=1,..., H - probabilities,
o u =Xt phun, population mean




Maximum likelihood estimation
Likelihood function

When the sample is selected according to preassigned
inclusion probabilities, the pseudo-likelihood approach (see, [6],
[10], [12]) leads to the following log-likelihood function:

I(ds, Xs) = h(ds) + b(Xs), ds = {dk k € s}

where the complete and incomplete functions are:

In(fr( 0
h(ds) = S0 In(Pr) Yges, Trk+zh 1Zk€shw

Tk

,Ox
( ) Zkesxikwk))'




Maximum likelihood estimation
EM-algorithm

EM-algorithm leads (see [3]-[5]) to replacing /(ds, Xs) with:

ID(ds, xs) = h(ds) + £ (xs)

where t =0,1,2, ... - iterations,

al 7l /”thkﬁ h
9 (xs) Z Nin(pp) + 37> 2K ( xh))

h=1 h=1 kes

Algt) = Ah(éxt)) = Zkes 1Th7[;k
T,St,)( = h(xk, O4)) = %, 9(--) = X1 Pngh(---)

%,(f,)( is the posterior probability that the k-element (k € s)
belongs to the h-th domain.



Maximum likelihood estimation
EM-algorithm

EM-algorithm provides approximated parameters 6(t+1) and:

=1 h  h=1 . H.
N + #(1)
where
1 - 1 (0
N = _— A = A = —_— A(t) = T t .
h Z —_ N Z N Z g T Z T
kesy h=1 kes h=1

Statistics N and 7(!) are estimators of N.
N,(,) = Npﬁ,) estimates the expected values of the domain size;

In the case simple random sample drawn without replacement:
N I e LN () 1 )

Pr = 5Bn+Th). Pn=" T :mkes hk-



Maximum likelihood estimation

Bivariate normal model N(yy,n, fix,n, aih, 02 pn), h=1,

Regression type estimators of 1, p:

~(t+1) = Oxy,sp (= o(t+1)
Yh — USh T L 2(t+1) (XSh — X )’
Jx,h
~(HH1) = Oxy,sh (g S(t+1)
Y =VYs, — (Xsy — Xh )-
UX,Sh

Ratio type estimator of p

t=0,1,2,...




Maximum likelihood estimation
Bivariate normal model

Estimators based on the data observed in the sample s:

_ 1 Y A
XSh:er OIS e

h kesy k kes kesy
(Xx — X, 1 Xk — Vs, )2
I P
h kesy h kesy k
1 (Xk — Xs,)(Vk — ¥sp,)
xS =R Z hﬂ =
h kesy, k

In the case of the simple random sample 7y = g nforall k € U.



Maximum likelihood estimation
Bivariate normal model

Estimators based on xx € U — s:

“(m) = wxs, + (1 - W,(,t))x()

s,h’
w1 ngt/)< w0 N (0)
D= —— Xy = Xsp,
s,h — f(7 kz: 1 — 7 Nh—i-Tf()t) h Sh
A 2(t+1 t )y _2(t ~2(0
x(h+ )= Wf(; )U)2< s T (1- Wf(v ))Ux,(g?w x(h) = 0)2( ,Sh?

(t
oy 1 (Xk _Xé/l)z (t)
Txsh = -0 % p— VS

In the case of the simple random sample 7y = g 7 for all k € U.



Simulation analysis of the estimation accuracy

Description of the experiment

@ Simple random samples {s;,j =1,..., M} are
independently drawn without replacement from U,

@ each s; is partitioned among the domains in such a way
that §i=81,;U..Usp;U..US8H; and
2<np<n-2H-1),h=1,.. H.

@ relative efficiency coefficient:

mse(ts, ) 1Y
Sh 0 _ = \2
B S DA - o
e( tsh) v(ysh) 00/ mse(tsh) M ;(tsh’/ yh)

- . - . M
V(Ysh) - 1M Z/Ai1 (}’sh,j - yh)2: Yn= Nih Zj:1 yk,ia
@ the relative bias:

M
|tsh nl 7 1
b(ts,) = — 22" _100%, T =S ts,., h=1,.. H.
( Sh) mse(tsh) Sh M Z Sh,j

We assume that M = 10000.



Simulation analysis of the estimation accuracy

Spread of data generated from normal distribution mixture

N, = 500, Pn = 1/3, h= 1,2,3;
N(8,4,1,1,0.5), N(14,11.2,1,1,0.8) and N(20,19,1,1,0.95).




Simulation analysis of the estimation accuracy

Table 1. Relative efficiency coefficients. Artificial data

t, | n|15 |45 |75 150
1946 |889 |862 |862
y | 21733 |572 |524 |482
3642 |445 |359 |295
1286 [202 |131 |989
O |2 1115 |767 |580 |433
3599 |405 |159 |40.6
1241 [205 |135 |97.4
y\0 12]107 |76.0 |57.4 |47.8
3569 |406 |158 |40.7
1101 [333 [319 |213
p 121127 |59.0 [383 |[215
3104 |455 |305 |20.7
y 83.3 |373 [27.8 |20.9
y(@ 453 | 284 |248 |20.7




Simulation analysis of the estimation accuracy

Spread of logarithmized data on Swedish municipalities [9]

Observations of y - municipal taxation revenues in 1985 and x -
municipal employees in 1984 are divided by 30% and 70%
quantiles of 1984 real estate value. Ny = N3 = 86, N, = 109.




Simulation analysis of the estimation accuracy of

population mean

The population of 281 Swedish municipal units.

n: 8 14 28
2 3 4
e(.)
9 1851 [584 |[46.2
yO 1300 [249 |21.8
yO 1490 |43.0 |43.9
b()
§0 180 7.9 5.2
yao 117 1.0 3.3
yO 1316 |[18.0 |94
Source: Own calculations.

—_




Simulation analysis of the estimation accuracy

Data on current and starting salaries. Sourse: the SPSS dataset.

N; = 390 observations from officials and N> = 84 observations
from managers.




Simulation analysis of the estimation accuracy

Data on current and starting salaries. Sourse: the SPSS dataset.

Table 3. Estimation accuracy of the population mean.
Population of employees.

n: 15 24 48
1 2 3 4
e(.)
yO 1857 [866 | 114
yO [122 [38.2 |60.9
y

M 1413 |36.0 |323

b(.)
§O 1470 [51.7 |78.9
yO 1509 |[151 |4.0
y®» [20.0 |[103 | 105

Source: Own calculations.




Conclusions

@ To estimate domain means in a finite population, the
model-design approach was considered;

@ The problem was considered as the estimation of the
mean components of a mixture of probability distributions.

@ In the case of a mixture of normal distributions, regression
and ratio type estimators were derived.

@ Example simulation analyses of the estimation accuracy
showed that the proposed estimators of population means
were more accurate than the simple sample mean. This
was not always the case for the estimation of domain
means.
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